The effects of high intensity focused ultrasound ͑HIFU͒-induced continuously varying thermal gradients on sound ray propagation were modeled theoretically. This modeling was based on Fermat's variational principle of least time for rays propagating in a continuously varying thermal gradient described by a radially symmetric heat equation. Such thermal lenses dynamically affect HIFU beam focusing, and simultaneously create ultrasonic geometric and intensity distortions and artifacts in monitoring devices. Techniques which are based upon ultrasonic cross-correlation methods, such as elastography and two-dimensional temperature estimation, also suffer distortion effects and generate artifacts.
I. INTRODUCTION
In the geometric limit, rays of sound are refracted when they traverse a boundary between two media with different speeds of sound. In sonography, refraction leads to a variety of geometric and intensity distortions, and to several artifacts ͑Ziomek, 1995͒.
In an attempt to predict the known distortions and artifacts created by spherical lenses, La Follette and Ziskin ͑1986͒ performed ray tracing simulations using simple trigonometric relations derived from Snell's law. In their work, simulated spherical lenses embedded in a uniform background medium were treated as regions with constant speed of sound V 1 , while the uniform background medium was treated as a region with constant speed of sound V 2 . Snell's law dictates that rays of sound which penetrate from a uniform region with a slower speed of sound V 2 into a lens with a faster speed of sound V 1 , diverge. Conversely, Snell's law dictates that rays of sound which penetrate from a uniform region with a faster speed of sound V 2 into a lens with a slower speed of sound V 1 , converge. Their computer simulations correctly predicted the known distortions and artifacts associated with fat or cystic, fluid-filled spherical lenses embedded in soft tissues. In this work we consider thermal lenses with continuously varying indices of refraction created by continuously varying temperature distributions.
The speed of sound in distilled water depends on the temperature of the water ͑Greenspan and Tschiegg, 1959͒. Between 0°C and approximately 74°C, the speed of sound of water rises from 1402.74 to 1555.47 m/s, and drops to 1543.41 m/s between approximately 74°C and 100°C. The approximate temperature 74°C is an inflection point of the speed of sound in water as a function of temperature. Equation ͑1͒ in a following section describes the speed of sound of distilled water between 0°C and 100°C.
Given that the speed of sound in water depends on the temperature of the water, it follows that a continuously varying temperature distribution induced in a soft, water-based tissue by the attenuation of a high-intensity focused ultrasound ͑HIFU͒ beam due to absorption creates a continuously varying thermal lens within the soft, water-based tissue ͑Hynynen, 1997͒. In this discussion, the analysis of continuously varying thermal gradient lenses will be restricted to disks in the plane because ͑1͒ clinical two-dimensional ultrasound machines scan two-dimensional slices of threedimensional volumes and ͑2͒ ellipsoidal, spherical, and cylindrical volumes may all be scanned across circular ͑disklike͒ cross sections ͑Fig. 1͒.
HIFU therapies conducted using Gaussian beam transducers produce approximately ellipsoidal, continuously varying thermal lenses ͑Wu and Nyborg, 1992; Hill et al., 1994͒ . Figure 1͑a͒ depicts circular, disklike cross sections of an ellipsoid. Figure 1͑a͒ applies to spheres as well since spheres are special cases of ellipsoids ͓Fig. 1͑b͔͒. Continuously varying spherical lenses are included in this discussion as an extension of the work of La Follette and Ziskin ͑1986͒, which only considered spherical lenses with fixed indices of refraction. Figure 1͑c͒ depicts circular, disklike cross sections of a cylinder. Cylindrical lenses may be generated in tissue phantoms using long, thin heating wires. Given the scanning nature of two-dimensional clinical ultrasound ma-chines, and the prevalence of ellipsoidal, spherical, and cylindrical lenses, it is natural to restrict this discussion to the optics of disks in the plane. This restriction also results in great mathematical simplifications as plane polar coordinates suffice to model the optics of the slices depicted in Figs. 1͑a͒-͑c͒.
Given that spherical ͑or radial͒ lenses with constant indices of refraction create artifacts and distortions in sonography, it is expected that continuously varying radial lenses will also create artifacts and distortions ͑Le Floch and Fink, 1997͒. It follows, therefore, that continuously varying thermal lenses should create artifacts and distortions in all imaging modalities rooted in sonography, e.g., ultrasonic temperature mapping ͑Le Floch and Fink, 1997; Maas-Moreno and Damianou, 1996; Simon and Ebini, 1998͒ and elastography ͓a strain estimation modality ͑Ophir et al., 1991͔͒. For example, as discussed in the next section, in the twodimensional echo-shift temperature estimation method, the so-called ripple artifact reported by Simon et al. ͑1997͒ may be explained by the refraction of the ultrasound imaging rays by a HIFU-induced thermal lens. In elastography, which assumes a constant speed of sound, weak refraction leads to distortions of strain estimations, and strong refraction may cause decorrelation by causing rays from distinct A-lines to intersect, an effect which will be demonstrated in the following section. Figure 2 summarizes results obtained from a heating experiment using a thin resistive Nichrome wire ͑32 AWG͒ as a heat source inside a gel/agar based phantom. The thin resistive Nichrome wire was inserted into a phantom made of a mixture of 225 Bloom gelatin ͑Kind & Knox, Inc., Sioux City, IA͒ and agar ͑Sigma ® , St. Louis, MO͒. The agar was used to elicit acoustical scattering. Both ends of the wire were connected to a power supply. A dc current of 0.9 A was applied to the wire for a period of 4 min. This resulted in a delivered power to the wire of 3.4 W ͑the resistance of the 12 cm Nichrome wire was 4.15 ohms͒. The phantom was then allowed to cool down during 4 min. Radio frequency ͑rf͒ images from a plane perpendicular to the wire were acquired at intervals of 10 s. The rf images were acquired using a modified real-time linear array scanner ͑Diasonics Spectra II, Santa Clara, CA͒ that operates with dynamic receive focusing and a single transmit focal zone centered around 30 mm, a center frequency of 5 MHz, and a 40-mm field of view. The acquired images were then transferred to a desktop PC for off-line post-processing. Additional details about the experimental setup are presented in Kallel et al. ͑1999͒ . Figure 2͑a͒ shows the axial echo-shift resulting from the increased speed of sound due to the increased temperature around the wire. The axial component of the gradient of the echo-shift mapping shows the heated area as a bright circular area in Fig.  2͑b͒ . Figure 2͑c͒ shows the lateral displacement component of the echo shift that resulted from the refraction of the ul-FIG. 1. Different sources of heat create different thermal gradients. ͑a͒ A Gaussian HIFU beam creates a Gaussian-shaped thermal lens. Cross sections orthogonal to the long axis of symmetry of the lens act as circular, radially decaying thermal lenses for two-dimensional scannings. ͑b͒ A spherical lens is created by a point source of heat located at the origin of the sphere. ͑c͒ A cylindrical lens is created in a gel phantom with a long, thin resistive heating wire.
II. A SIMPLE REFRACTION EXPERIMENT
FIG. 2. Illustration of temperature-induced twodimensional echo shift during a heating experiment. ͑a͒ Two-dimensional axial echo-shift. ͑b͒ Axial component of the gradient of the axial two-dimensional echo-shift map. ͑c͒ Two-dimensional lateral echo-shift. ͑d͒ Vector field of the two-dimensional echo-shift. The horizontal axis of the images ͑a͒-͑c͒ represents the lateral position in the phantom and the vertical axis represents the depth ͑axial position͒ in the phantom. trasonic imaging beam by the thermal acoustic lens around the hot wire. The two-dimensional distribution of the lateral echo-shift was estimated using the technique proposed by Konofagou and Ophir ͑1998͒. Figure 2͑d͒ illustrates the vector field of the two-dimensional echo shifts.
As shown in Fig. 2͑b͒ , there is a band of noise similar to the ripple noise reported by Simon et al. ͑1997͒ immediately behind the heated area around the wire. We believe that this noise is due to an apparent lateral echo-shift behind the heated area, which in turn was due to the refraction of the ultrasonic imaging beam. As can be seen, the lateral shift increases axially and laterally immediately behind the heated area. It increases with depth and reaches its highest value at the axis of symmetry of the heated area. As can be seen, the lateral displacement is even larger than the axial echo-shift particularly as the depth increases.
The ripple noise is explained by an increased decorrelation due to the use of the 1D axial displacement estimator method in the case of existing apparent lateral echo-shift across the imaging ultrasonic beam. Similar noise was reported in elastographic imaging ͑Kallel and . The lateral tissue displacement resulting from the applied axial compression resulted in a nonstationary decrease of the elastographic SNR. Konofagou and Ophir ͑1998͒ proposed an iterative correction for the effect of lateral tissue displacement on the elastogram. A similar technique can also be applied in order to reduce the ripple noise in the two-dimensional map of the heated area obtained using the echo-shift technique. Note that the heat-induced speed of sound mismatch may also cause refraction of the HIFU beam, which in turn may cause the focus of the HIFU beam to split into two small adjacent foci in the scanning plane. This was observed, but not reported, on many occasions during magnetic resonance imaging ͑MRI͒-guided HIFU heating of canine livers ͑Righetti et al., 1999͒. In the following two sections the refraction from acoustical thermal lenses is modeled theoretically and simulated numerically.
III. THEORY A. Preliminary assumptions
As a first-order approximation, we shall consider the temperature-dependent speed of sound in simulated tissues or gel phantoms to be the same as the speed of sound in distilled water between 0°C and 100°C as determined by Greenspan and Tschiegg in 1959 . That is, between 0°C and 100°C, we take the speed of sound to be given by c"T͑r ͒…ϭ1402.736ϩ5.033 58T͑r ͒Ϫ0.057 950 6T 2 ͑ r ͒ ϩ3.316 36ϫ10 Ϫ4 T 3 ͑ r ͒Ϫ1.452 62
Equation ͑1͒ is not rounded for the sake of completeness. The precision expressed by it is likely far greater than can be expected for the speeds of sound in tissues or gel phantoms as a function of temperature.
B. The cylindrical lens
Figure 1͑c͒ depicts a long, thin wire embedded in a gel phantom. The temperature distribution generated by the wire is azimuthally symmetric with respect to the wire. The temperature distribution for a given circular cross section of an azimuthally symmetric thermo-acoustic lens centered around the wire is given by the following two-dimensional Green's function in cylindrical coordinates:
͑2͒
The variable P is the ohmic heating power loss of the wire, t is a fixed time, l w is the length of the long, thin wire, r w is the radius of the wire, and T I is the interface temperature between the wire and the phantom. The temperature decreases with increasing radius. At a sufficiently large radius r b , the temperature returns to the unperturbed temperature of the simulated phantom, which we assume is large enough to act as a heat sink. Equation ͑2͒ substituted into Eq. ͑1͒ describes a cylindrical thermo-acoustic lens.
C. The spherical lens
The description of equatorial slices of spherical thermoacoustic lenses, as shown in Fig. 1͑b͒ , are included in this section as a natural extension of the work of La Follette and Ziskin ͑1986͒ which involved only spherical lenses with constant indices of refraction. The temperature distribution generated by a point source of heat is spherically symmetric about the point source of heat, and is given by the following three-dimensional Green's function:
where T o is the physiological background temperature of the simulated phantom, Q(t) is the heat energy deposited by the HIFU beam at time t, k g is the thermal conductivity of the heated tissue, and r b is the radius at which the temperature drops back to T o . We assume the body is large enough to act as a heat sink. Equation ͑3͒ substituted into Eq. ͑1͒ describes an equatorial slice of a spherical thermo-acoustic lens.
D. Fermat's principle of least time
All rays of sound propagate along curvilinear paths which obey Fermat's principle of least time. Snell's law, in fact, is a special case of Fermat's principle of least time. Clearly, given the symmetries of the thermo-acoustic lenses described in this article, the best choice of coordinates for modeling sound ray trajectories are plane polar coordinates. Fermat's principle of least time expressed in polar coordinates states that rays of sound travel according to functions (r), which minimizes the integral
where (r) is the incident angle and (rϩdr) is the refracted angle.
Note that the integral equation for J is expressed in terms of distance over speed, or time, and that c(r) depends on a radial function such as given by Eq. ͑2͒ or ͑3͒ for T(r). In order for J to be minimized, Eq. ͑4͒ must satisfy the Euler-Lagrange differential equation ͑Sagan, 1969͒. If L(;r) is the integrand of J, the Euler-Lagrange ͑ray tracing͒ equation is
Application of Eq. ͑5͒ to the integrand of Eq. ͑4͒ yields
where M is a constant of integration specified by the initial conditions of a ray according to
The variable r o is the initial radius, usually taken to be r b , c"T(r)… is the initial speed of sound, and (d/dr)t o is the initial angle with respect to r. Unfortunately, beyond the simplest radial functions, e.g., c(r)ϭArϩB, there are few closed-form solutions to Eq. ͑6͒ ͑Ziomek, 1995͒. In general, therefore, ray tracing usually requires numerical integration.
IV. SIMULATION OF A THERMO-ACOUSTIC SPHERICAL LENS

A. Rates of change
It is very important to note that while HIFU therapies last on the order of a few seconds to several tens of seconds, the time of flight of a ray of sound in a typical clinical ultrasound application is on the order of tenths of milliseconds. During 1 s, a ray of sound may travel as many as 1500 m, implying a speed of 1500 m/s. During 1 s, the linear dimensions of a surface of constant temperature ͑an isotherm͒ of a thermal lens may change on the order of 1 mm, implying a speed of 1 mm/s. Given this large disparity in speeds, the state of the temperature distribution of a slowly evolving thermal lens during the brief lifetime of a ray of sound may be considered to be nearly frozen in time. Thus, during the time of flight of a simulated ray of sound, we may approximate T"r(t)… by T(r). Clearly, thermal lenses change shape as time runs from t to tϩdt. The simulation must be done by snapshots.
B. Initial conditions
Consider the propagation of individual rays by numerical integration of Eq. ͑6͒. Initial conditions are required for each ray. The initial conditions for each ray may be chosen arbitrarily, but clinical ultrasound and HIFU beams are usually highly focused. To simulate focused clinical ultrasound or HIFU beams, thus, requires that the initial conditions for each ray be chosen such that they converge in some region as they propagate into the medium. In the simulation presented in this article, however, the initial conditions for individually simulated rays were chosen so that the rays commenced propagating in parallel. This choice allows the reader to see how initially parallel rays subsequently undergo differing extents of curvilinear warping as they propagate through regions of differing thermal gradients.
C. Onion lenses
As the temperature rises at the origin of a thermoacoustic spherical lens from T o up to 74°C ͑the inflection point for the speed of distilled water as function of temperature͒, the speed of sound in water at the origin, as well as in the growing sphere of warming water, rises. This causes inbound rays heading towards the neighborhood of the origin of the thermal lens to diverge away from the center of the lens. If, after a while, the temperature of the water in the surrounding neighborhood of the origin of the lens exceeds 74°C, the thermal lens becomes onionlike. It will have an inner shell with temperature T max Ͼ74°C at rϭ0 dropping to just above 74°C at some r 1 , and an outer shell with temperature just below 74°C at r 1 ϩdr dropping to some cooler T biology at some r 2 ϭr b . As before, rays initially inbound towards a neighborhood of the origin will diverge away from the origin between r 2 and r 1 . However, any rays which are not sufficiently diverted away from regions warmer than 74°C will begin to converge towards the origin between r 1 and rϷ0 ͑Fig. 3͒. Outbound rays refract oppositely than inbound rays. The actual curved paths which individual rays follow within the continuously varying thermal lens depend on their initial conditions as given by (r i , i ). FIG. 3. An equatorial slice of a continuously warming spherical thermoacoustic lens obeying Eq. ͑1͒ is depicted. Rays R1, R2, and R3 demonstrate the onion nature of the lens with the given temperature distribution which warms from 37°C at its edge to 100°C at its center. Ray R2 penetrates into increasingly warmer regions with increasingly faster speeds of sound. It diverges away from the origin of the lens until it reaches its point of closest approach to the origin, namely, at its intersection with line L2. The remainder of its trajectory is a reflection about line L2. Note that ray R3, having initiated its inbound path in a cooler region than ray R2, diverges less. Hence, rays R2 and R3 will intersect at some point. Ray R1 diverges from the center of the lens until it penetrates regions increasingly warmer than 74°C, whereupon it begins converging towards the center of the lens. Its point of closest approach is line L1. The outbound trajectory of ray R1 becomes a reflection about line L1 with an exchange in handedness from right handed to left handed.
D. Summary
Note that for an inbound ray penetrating a continuously varying radial thermal lens, there will be a point of closest approach to the center of the lens ͑Fig. 3, rays R2 and R3͒. At the point of closest approach, the radical in Eq. ͑6͒ equals zero. These facts cut the amount of computation by half, as there is a mirror symmetry along the line from the origin of the spherical thermal lens to the point of closest approach. The numerical integration for an individual ray, thus, need only be performed up to its point of closest approach. The remainder of the trajectory follows directly by reflection about the axis of symmetry. Similar properties apply to rays which penetrate a core warmer than 74°C. However, chirality is exchanged ͑Fig. 3, ray R1͒ at the point of closest approach.
E. A simulation of a spherical lens
Equation ͑3͒ substituted into Eq. ͑1͒ was used to model a continuously varying spherical thermo-acoustic lens for the simulation presented in this section. The value for Q(t) was arbitrarily set to 1 J with t arbitrarily set to 2 s. The value of r b at which the temperature cools back down to the initial temperature was arbitrarily chosen to be 1 cm. The thermal conductivity of water was taken to be k g ϭ0.68 W m Ϫ1 K Ϫ1 at 370 K. For the values given above, the outer shell of the onion lens runs between rϭ1 cm ͑at the biological temperature T o ϭ37°C͒ and rϭ0.240 cm ͑at 74°C͒. For the inner core of the lens, note that Eq. ͑3͒ diverges to infinity as r tends to 0. The temperature reaches 100°C at rϭ0.156 cm. Since the temperature clearly does not reach infinity at rϭ0 cm, an artificial choice was made to let the temperature rise linearly from 100°C at rϭ0.156 cm to 110°C at rϭ0 cm. The speed of sound as a function of temperature was extrapolated to its value at 110°C using Eq. ͑1͒.
The initial conditions for five inbound parallel rays starting at r b were chosen to be 1 ϭ54.97°, 2 ϭ62.66°, 3 ϭ69.85°, 4 ϭ76.73°, and 5 ϭ83.41°, respectively ͑Fig. 4͒. These angles correspond to M 1 ϭ2. 
where d is the adjacent side of a triangle and r b its hypotenuse. The inverse cosine of each d value generated a o value. A step size of ⌬rϭ1ϫ10 Ϫ6 m was chosen. The precision implied by the values in this simulation were for the sake of the numerical quadrature. Any less precision would have resulted in no discernable physical effects. The value of ⌬r necessary to propagate Eq. ͑6͒ is best computed using the measured echo time of the radial ray defined by the ϭ90°r adial in Fig. 4 . As is evident from the echo shifts of Fig.  2͑d͒ along the y-axis ͑or the ϭ90°radial͒, the gradient of the lens c"T(r)… sampled by the ϭ90°radial up to the center of the lens c"T(0)… is greater than for any other inbound ray in Fig. 4 . As a consequence, the measured echo time, e 1,2 ϭ2⌬t r1ϭ0,r2ϭrb , of the radial ray defined by the ϭ90°radial undergoes the most reduction relative to its echo time prior to the heating process than any other nonradial inbound ray. In turn, this implies that the difference between the theoretical echo time for the radial ray defined by the ϭ90°radial, namely, e 1,2 Ј ϭ2J (r 1 ϭ0,r 2 ϭr b ), and its measured echo time will be larger than for any other inbound ray for a given size of ⌬r. To calibrate Eq. ͑6͒ for a given maximum desired error, , the step size ⌬r must be less than or equal to the largest value of ⌬r such that 0р͉e 1,2 Ϫe 1,2 Ј ͉ р. For all inbound rays other than the radial ray defined by the ϭ90°radial, the chosen step size ⌬r max for the ϭ90°radial makes the above inequality a strict equality. Note that for the radial ray defined by the ϭ90°radial, d/drϭ0 in Eqs. ͑4͒, ͑6͒, and ͑7͒, which greatly simplifies the calculation of e 1,2 Ј when calibrating the value of ⌬r max .
The solid rays in Fig. 4 represent superimposed unperturbed inbound rays of sound. The dashed rays depicted in the figure represent numerically propagated inbound rays which began their inbound approach from r b ϭ1 cm at 37°C. For the sake of amplifying the subtle refraction effects, only the portion of the lens extending to 0.7 cm is shown. The angular distortion effects are subtle on the scale shown. The effects on cross-correlation-based techniques which make differential comparisons are less subtle.
Inbound rays that do not penetrate the inner core of the FIG. 4 . In the absence of a thermal gradient, the rays of a plane wave ͑solid lines͒ propagate without distortion. In the presence of an onion lens, rays refract as depicted in Fig. 3 . Quadrant 4 projects the refracted rays with the same initial conditions beside the unrefracted rays. The angular deviations ͑slightly exaggerated͒ are subtle. The effects, however, on cross-correlation techniques are much less subtle.
onion lens diverge until they reach their point of closest approach to the center of the lens. The further the point of closest approach is to the center of the lens for a given ray, the less is its divergence as it samples a smaller thermal gradient. This leads to the intersection of ''closer'' rays which diverge more with ''further'' rays which diverge less ͑Figs. 3 and 4͒. The dashed rays depicted in the fourth quadrant show such outbound convergence. Inbound rays that penetrate the inner core will stop diverging and begin to converge as the speed of sound drops with decreasing radius. After such rays reach their points of closest approach to the center of the lens, their outbound paths become reflections of their inbound paths about the line passing through the center of the lens to the point of closest approach with an additional exchange between lefthandedness and right-handedness. See ray R1 in Fig. 3 .
V. EFFECTS AND DISTORTIONS
A. HIFU beam splitting
In Fig. 4 , though it is subtle, there is a noticeable pinching effect acting on some of the propagated rays. Somewhere not far beyond the lens, it is clear that several of the rays will intersect. Since there is spherical symmetry, there will actually be a surface of revolution where rays intersect. This distributed region of intersecting rays is termed an optical waist, and is depicted in an exaggerated fashion in Fig. 5 . The nearer the temperature of the target point gets to 74°C, the greater will be the speed of sound, and thus the greater will be the ''diverging power'' of the thermal lens on inbound rays. ''Inner'' inbound rays beginning from nearer the longitudinal axis of a HIFU beam will be exposed to higher temperature gradients, and hence undergo more refraction than ''outer'' inbound rays further from the longitudinal axis of the HIFU beam. Thus the HIFU beam will eventually cause its own splitting/defocusing process resulting in the intersection of ''inner'' inbound rays with ''outer'' inbound rays in a toroidal waist region beyond the center of the spherical lens ͓observed but not reported in the work of Righetti et al. ͑1999͔͒ . Clearly, the HIFU beam optics problem is a nonlinear, self-interacting problem.
B. Sonographic effects of continuous refraction
In sonography the speed of sound is assumed to be fixed, and all sound rays are assumed to propagate along rectilinear lines. Thermal lenses alter the speed of sound and lead to refraction. Refraction in turn distorts the paths of rectilinear rays into curved rays. The effects of a diverging thermal lens on sonography may be simulated by propagating rays from a simulated two-dimensional scan focused in the region of the thermal lens as in Fig. 1͑a͒ . When scanning across a thermal lens, the A-line rays will undergo the same splitting and collection into an optical waist as will the HIFU beam rays discussed in the section above. Clearly, the intersection of rays destroys the uniqueness properties of the ray tracing solutions. Intersections, moreover, will lead to interference/ intensity effects. Phase and intensity information for each ray may be updated with each increment in ⌬r by keeping the wavelength fixed such that c local ϭ f .
C. Effects of continuous refraction on elastography
In elastography, local echo shifts ͑and therefore local tissue strains͒ are estimated from differential ultrasonic tissue displacements by echo shift cross-correlation methods ͑Ophir et al., 1996͒. Since the speed of sound is assumed to be constant in elastography, any length distortions due to the refractive effects of thermal lenses will distort strain estimates. Length distortions, which would be considered negligible in sonography, are easily detected by the echo shift cross-correlation strain estimation methods used in elastography. Moreover, any intersection of rays from adjacent A-line elements will cause echo shift decorrelation even when ignoring other nonrefractive effects such as thermal expansion and swelling, and any protein denaturation which may irreversibly change the modulus of heat treated tissues ͑Alaniz, 2001; Chen and Humphrey, 1998͒.
D. Effects of continuous refraction on two-dimensional temperature estimation
In two-dimensional echo shift temperature estimation methods, heating and thermal expansion, rather than differential tissue displacements, result in echo shifts. The magnitudes of the estimated echo shifts, however, are generated with the same cross-correlation techniques used in elastography. In the temperature estimation method, however, estimated echo shifts, which are combinations of virtual axial strains due to variations in c(T) and actual thermal axial strains, are used to make temperature estimations ͑Le Floch and Fink, 1997͒ rather than strain estimations. Thus the same artifacts and distortions which arise in elastography also arise in two-dimensional echo shift temperature estimation methods, and conversely, e.g., the so-called ripple artifact reported in the temperature estimation work of Simon et al. ͑1997͒ , and in the elastography work of Kallel et al. ͑1999͒ ͑Fig. 2͒. According to Simon et al. ͑1997͒ , sharp temperature gradients, corresponding to regions with sharp variations in FIG. 5 . Exaggerated HIFU beam splitting. Rays passing nearer the center of the lens diverge more than rays passing further from the center of the lens. This leads to intersection of rays in a torroidal waist region beyond the radially weakening spherical lens. The point of closest approach of an ''inner'' inbound ray occurs at a higher angle than for an ''outer'' inbound ray. the speed of sound, lead to the ripple ͑decorrelation͒ effect as the ͑length͒ distortions of the sound rays will be large.
VI. CONCLUDING REMARKS
Studies of the distortions and artifacts created by continuously varying thermal lenses in HIFU, clinical ultrasound, and clinical ultrasound-based cross-correlation techniques can be performed using Fermat's principle of least time. Continuously varying thermal lenses, such as those created by HIFU beams, distort rectilinear rays assumed in sonography into curved rays. Equation ͑6͒ is the ray tracing equation for circular cross sections of various types of thermal lenses. It may be used to propagate bundles of A-line and/or HIFU rays through thermal lenses with circular crosssections. Hence, for a given level of acceptable error , Eq. ͑6͒ is useful for studying the effects of refraction on ultrasonic based cross-correlation monitoring of temperatures and strains caused by HIFU beams, as well as for modeling the nonlinear self-effects of the source HIFU beams upon themselves.
Before the defective lens of the Hubble Space Telescope was physically repaired, corrections to the optics of the known defective lens were performed mathematically on the light that was captured by the scientific instruments. In much the same way, it is possible to improve the imaging of clinical ultrasound machines used for HIFU monitoring given an equation for the speed of sound in a target tissue as a function of temperature. The same may be said for the dynamic problem of HIFU beam focusing. To do active optical corrections during a HIFU procedure, either the spatially and temporally varying temperature field, which defines the thermo-acoustic lens, must be assumed a priori, or it must be measured dynamically by some means, say, for example, by MRI. For ultrasound and ultrasound based cross-correlation techniques, an equation such as Eq. ͑1͒ could then be used to estimate the deviations in the echo times of individual rays. This would allow the transmit and receive delays of individual channels of an array to be adjusted accordingly. The same method applies, in principle, to HIFU transducers based on array technology.
Lastly, an extension of the work presented in this paper should include the effects of refraction on interference and intensity. Such an extension would complete the work of La Follette and Ziskin ͑1986͒.
